We analyze the weighted star discrepancy of so-called p-sets which go back to definitions due to Korobov in the 1950s and Hua and Wang in the 1970s. Since then, these sets have largely been ignored since a number of other constructions have been discovered which achieve a better convergence rate. However, it has recently been discovered that the p-sets perform well in terms of the dependence on the dimension.
Introduction
For an N-element point set P = {x 0 , . . . , x N −1 } in the s-dimensional unit cube [0, 1) s the discrepancy function ∆ is defined by ∆(α 1 , . . . , α s ) := A N (
for 0 < α 1 , . . . , α s ≤ 1. Here A N (E) denotes the number of indices n ∈ {0, 1, . . . , N − 1}, such that x n belongs to the set E. By taking the sup norm of this function, we obtain the star discrepancy 1] s . There one requires point sets P which are very well distributed. In many cases the quality of the distribution of a point set is measured by the star discrepancy D which is intimately linked to the worst-case error of quasi-Monte Carlo integration via the well known Koksma-Hlawka inequality
where V (f ) is the variation of f in the sense of Hardy and Krause. See, for example, [5, 7, 10, 11, 15] for more information. At the end of the 1990s Sloan and Woźniakowski [21] (see also [1, 18] ) introduced the notion of weighted discrepancy and proved a "weighted" Koksma-Hlawka inequality. The idea is that in many applications some projections are more important than others and that this should also be reflected in the quality measure of the point set.
We start with some notation which goes back to the paper [21] : let [s] = {1, 2, . . . , s} denote the set of coordinate indices. For u ⊆ [s], u = ∅, let γ u be a nonnegative real number (the weight corresponding to the group of variables given by u), |u| the cardinality of u, and for a vector z ∈ [0, 1] s let z u denote the vector from [0, 1] |u| containing the components of z whose indices are in u. By (z u , 1) we mean the vector z from [0, 1] s with all components whose indices are not in u replaced by 1.
Definition 1
For an N-element point set P in [0, 1) s and given weights γ = {γ u :
, then the weighted star discrepancy coincides with the classical star discrepancy.
The most popular and studied weights in literature are so-called product weights which are weights of the form γ u = j∈u γ j , for ∅ = u ⊆ [s], where the γ j 's are positive reals, the weights associated with the jth component. See, for example, [1, 21] . We assume throughout the paper that the weights γ j are non-increasing, i.e., γ 1 ≥ γ 2 ≥ γ 3 ≥ . . ..
Tractability
The dependence on the dimension is the subject of tractability studies [17, 18, 19] . We introduce the necessary background in the following.
For s, N ∈ N the Nth minimal weighted star discrepancy is disc γ (N, s) = inf
We would like to have a point set in the s-dimensional unit cube with weighted star discrepancy of at most ε ∈ (0, 1) and we are looking for the smallest cardinality N of a point set such that this can be achieved. For ε ∈ (0, 1) and dimension s ∈ N we define the information complexity
which is sometimes also called the inverse of the weighted star discrepancy.
Definition 2
1. We say that the weighted star discrepancy is polynomially tractable, if there exist nonnegative real numbers C, α and β such that
holds for all dimensions s ∈ N and for all ε ∈ (0, 1). The infima over all α, β > 0 such that (1) holds are called the s-exponent and the ε-exponent, respectively, of polynomial tractability.
2. We say that the weighted star discrepancy is strongly polynomially tractable, if there exist nonnegative real numbers C and α such that
holds for all dimensions s ∈ N and for all ε ∈ (0, 1). The infimum over all α > 0 such that (2) holds is called the ε-exponent of strong polynomial tractability.
Polynomial tractability means that there exists a point set whose cardinality is polynomial in s and ε −1 such that the weighted star discrepancy of this point set is bounded by ε. Polynomial tractability and strong polynomial tractability for the classical star discrepancy are defined in the same manner as in the weighted case.
An excellent survey on tractability of different notions of discrepancy can be found in the paper [16] or in the books [17, 18, 19] which perfectly summarize the current state of the art in tractability theory.
Results on the weighted star-discrepancy
We provide an informal description of our results. The details are given in Section 3. We study three kinds of point sets in the unit cube which go back to Korobov, and Hua and Wang, and which are sometimes called the "p-sets". The advantage of these point sets is that their constructions are very easy (see Section 2 for details). As an example, one of these p-sets is given by the points ({n/p}, {n 2 /p}, . . . , {n s /p}) for n = 0, 1, . . . , p − 1, where p is a prime number, and where {x} = x − ⌊x⌋ denotes the fractional part of x for positive real numbers x.
For simplicity we restrict ourselves to product weights. Results for general weights are given in Section 3. In this paper we show that if the product weights γ = { j∈u γ j } satisfy
then for any 0 < δ < 1/2 there exists a constant c (1) γ,δ > 0 which depends only on γ and δ but not on the number of points N and the dimension s, such that Korobov's p-sets P satisfy
This implies strong polynomial tractability. If there exists a real number t > 0 such that the product weights γ = { j∈u γ j } satisfy
then for any 0 < δ < 1/2 there exists a constant c (2) γ,δ,t > 0 which depends only on γ, δ and t, but not on the number of points N and the dimension s, such that Korobov's p-sets P satisfy
In this case we have polynomial tractability.
Literature review
To put our results into context, we provide a review of known results. From Heinrich, Novak, Wasilkowski, and Woźniakowski [12] it is known that for any number of points N and dimension s there exists a point set P N,s ⊆ [0, 1) s , such that
for some constant C > 0. Hence the classical star discrepancy is tractable with s-exponent at most one and ε-exponent at most two. It was further shown in [12] that the inverse of the classical star discrepancy is at least cs log ε −1 with an absolute constant c > 0 for all ε ∈ (0, ε 0 ] and s ∈ N. This lower bound was improved by Hinrichs [13] to csε −1 with an absolute constant c > 0 for all ε ∈ (0, ε 0 ] and s ∈ N. From these results it follows, that the classical star discrepancy cannot be strongly polynomially tractable. We stress that all mentioned results are non-constructive. A first constructive approach is given in [6] . However here for given s and ε the authors can only ensure a running time for the construction algorithm of order C s s s (log s) s ε −2(s+2) which is too expensive for practical applications.
The bound (3) can be interpreted as having product weights (γ j ) for which γ j = 1 for all j. In comparison, to achieve polynomial tractability in our result, we require that for product weights we have ∞ j=1 γ t j < ∞ for some arbitrarily large real number t > 0. Note that [12] only show an existence result, whereas our result is completely constructive.
We recall some known results for the weighted star discrepancy. The first result was shown in [14] (see also [5, 18] for a summary).
Theorem 1 (Hinrichs, Pillichshammer, Schmid) There exists a constant C > 0 with the following property: for given number of points N and dimension s there exists an N-element point set P in [0, 1) s such that
Note that the point set P from Theorem 1 is independent of the choice of weights. The result is a pure existence result. Under very mild conditions on the weights Theorem 1 implies polynomial tractability with s-exponent zero. See [14] for details. For product weights we have the following result which is taken from [3] (see also [4, Corollary 8] 
Note that the point set P from Theorem 2 depends on the choice of weights. The result implies that the weighted star discrepancy is strongly polynomially tractable with ε-exponent equal to one, as long as the weights γ j are summable. See [3, 4, 5, 14] for more details.
The next result is about Niederreiter sequences in prime-power base q. For the definition of Niederreiter sequences we refer to [5, 15] . The following result is [23, Lemma 1]:
Lemma 1 (Wang) For N ∈ N let P be the first N-elements of a Niederreiter sequence in prime-power base q. For u ⊆ [s] we denote by P u the |u|-dimensional point set consisting of the projections of the elements of P onto the coordinates which belong to u. Then we have
where C > 0 is an absolute constant which is independent of u and s.
Similar results can be shown for Sobol' sequences and for the Halton sequence (see [22, 23] ). From this result one obtains:
Theorem 3 For the weighted star discrepancy of the first N elements P of an s-dimensional Niederreiter sequence in prime-power base q we have
γ u j∈u (Cj log(j + q) log(qN)).
In the case of product weights one can easily deduce from Theorem 3 that the weighted star discrepancy of the Niederreiter sequence can be bounded independently of the dimension whenever the weights satisfy j γ j j log j < ∞. This implies strong polynomial tractability with ε-exponent equal to one. (The same result can be shown for Sobol' sequences and for the Halton sequence).
A comparison of the results presented in this section with the new results will be given at the end of Section 3.
Korobov's p-sets
Let p be a prime number. We consider the following point sets in [0, 1) s :
• Let P p,s = {x 0 , . . . , x p−1 } with
The point set P p,s was introduced by Korobov [9] (see also [20, Section 4.3]).
• Let Q p 2 ,s = {x 0 , . . . , x p 2 −1 } with
The point set Q p,s was introduced by Korobov [8] (see also [20, Section 4.3] ).
• Let R p 2 ,s = {x a,k : a, k ∈ {0, . . . , p − 1}} with
Note that R p 2 ,s is the multi-set union of all Korobov lattice point sets with modulus p. The point set R p 2 ,s was introduced by Hua and Wang (see [20, Section 4.3] ).
Hua and Wang [20] called the point sets P p,s , Q p 2 ,s and R p 2 ,s the p-sets.
The weighted star discrepancy of the p-sets
The classical (i.e. unweighted) star discrepancy of the p-sets is studied in [20, Theorem 4.7-4.9]. Here we consider the weighted star discrepancy.
Theorem 4 Let p be a prime number. For arbitrary weights
γ u (max u) (6 log p) |u| , and
The proof of Theorem 4 will be given in Section 4.2. Note that the point sets P p,s , Q p 2 ,s and R p 2 ,s from Theorem 4 are independent of the choice of weights. Now we consider product weights and study tractability properties. Let γ u = j∈u γ j where γ j > 0 for j ∈ N and γ 1 ≥ γ 2 ≥ γ 3 . . ..
Theorem 5
Assume that the weights γ j are non-increasing. 
If
D * p,γ (P p,s ) ≤ c ′ γ,δ p 1/2−δ , D * p 2 ,γ (Q p 2 ,s ) ≤ c ′′ γ,δ p 1−δ , and D * p 2 ,γ (R p 2 ,s ) ≤ c ′′′ γ,δ p 1−δ .
If there exists a real number t > 0 such that
The proof of Theorem 5 will be given in Section 4.3.
Note that the results in Point 1. of Theorem 5 imply strong polynomial tractability for the weighted star discrepancy. We show this for the p-set P p,s . Assume that j γ j < ∞. Fix δ > 0. For ε > 0, let p be the smallest prime number that is larger or equal to
where we used Bertrand's postulate which tells us that M ≤ p < 2M. Hence the weighted star discrepancy is strongly polynomially tractable with ε-exponent at most 2.
In the same way, the results in Point 2. of Theorem 5 imply polynomial tractability for the weighted star discrepancy. We show this for P p,s . Assume that j γ t j < ∞ for some t > 0. Fix δ > 0. For ε > 0, let p be the smallest prime number that is larger or equal to ⌈(sc γ,δ,t ε −1 )
where we used again Bertrand's postulate which tells us that M ≤ p < 2M. Hence the weighted star discrepancy is polynomially tractable with s-exponent and ε-exponent at most 2.
With the following table we put the result from Theorem 5 into the context of the known results from Section 1. The second column "point set P" gives information about the point set, the column "P = P(γ)" indicates whether the point set depends on γ or not, the column "SPT" displays the conditions on product weights under which strong polynomial tractability is achieved and the last column "ε-exponent" displays the respective ε-exponents of strong polynomial tractability.
4 The proofs max(1, |h|) and for h = (h 1 , . . . , h s ) ∈ C s (M) put r(h) = s j=1 r(h j ). The following result is from Niederreiter [15, Theorem 3.10] (in a slightly simplified form).
Auxiliary results
Lemma 2 (Niederreiter) For integers M, N ≥ 2 and y 0 , . . . , y N −1 ∈ Z s , let P = {x 0 , . . . , x N −1 } be the N-element point set consisting of the fractional parts x n = {y n /M} for n = 0, . . . , N − 1. Then we have
where "·" denotes the usual inner-product in R s and where i = √ −1.
Now we extend this result to the weighted star discrepancy:
Lemma 3 For integers M, N ≥ 2 and y 0 , . . . , y N −1 ∈ Z s , let P = {x 0 , . . . , x N −1 } be the N-element point set consisting of the fractional parts x n = {y n /M} for n = 0, . . . , N − 1.
Then we have
|u| is the projection of y n to the coordinates given by u.
Proof. We have
where
|u| consists of the points of P projected to the components whose indices are in u. For any ∅ = u ⊆ [s] we have from Lemma 2 that
and the result follows. ✷
The proof of Theorem 4
For the proof of Theorem 4 we use results which were already stated in the book of Hua and Wang [20] . 
Proof. The result follows from a bound from A. Weil [24] on exponential sums which is widely known as Weil bound. For details we refer to [2] . ✷ Lemma 5 Let p be a prime number and let s ∈ N. Then for all h 1 , . . . , h s ∈ Z such that p ∤ h j for at least one j ∈ [s] we have
Proof. See [20, Lemma 4.6] . ✷ Lemma 6 Let p be a prime number and let s ∈ N. Then for all h 1 , . . . , h s ∈ Z such that p ∤ h j for at least one j ∈ [s] we have
Proof. Under the assumption that p ∤ gcd(h 1 , . . . , h s ), the number of solutions of the congruence Proof.
• We consider P p,s : Here x n is of the form x n = {y n /M}, where y n = (n, n 2 , . . . , n s ) ∈ Z s and M = p.
we obtain from Lemma 4
where S p = h∈C * 1 (p) |h| −1 . A straight-forward estimate gives
Hence we obtain
Inserting this into Lemma 3 gives
γ u (max u) (4 log p) |u| .
• We consider Q p 2 ,s : Here x n is of the form x n = {y n /M}, where
For h = (h j ) j∈u ∈ Z |u| we write p|h if p|h j for all j ∈ u and p ∤ h if this is not the case.
We consider now the first sum where p | h. Let k = h/p ∈ Z u . Since y n,u = (n j ) j∈u we have from Lemma 4 that
Further we have
where S p 2 = h∈C * 1 (p 2 ) |h| −1 . As before we find that
which implies that for any k ∈ N we have
Thus for any finite set u ⊆ N we have
(max u) j∈u (4γ j log p)
where ℓ ∈ N 0 is such that γ ℓ ≥ (4γ j log p)
Using Stirling's formula we obtain (4Γ k 0 log p) There exists a constant c γ,δ > 0 depending on γ and δ but not on s and p, such that 2(4Γ 0 log p)
for all p ∈ N.
Thus we obtain D * p,γ (P p,s ) ≤ c γ,δ p 1/2−δ .
2. We use the notation from above. Assume now that for some t > 0 we have 
